Phase, polarization, amplitude and frequency represent the basic dimensions of light, playing crucial roles for both fundamental light-mater interactions and all major optical applications. Metasurface emerges as a compact platform to manipulate these knobs, but previous metasurfaces have limited flexibility to simultaneous control them. Here, we introduce a multi-freedom metasurface that can simultaneously and independently modulate phase, polarization and amplitude in an analytical form, and further realize frequency multiplexing by a k-space engineering technique. The multi-freedom metasurface seamlessly combine geometric Pancharatnam-Berry phase and detour phase, both of which are frequency-independent. As a result, it allows complexamplitude vectorial hologram at various frequencies based on the same design strategy, without sophisticated nanostructure searching of massive size parameters. Based on this
principle, we experimentally demonstrate full-color complex-amplitude vectorial metaholograms in the visible with a metal-insulator metal architecture, unlocking the longsought full potential of advanced light field manipulation through ultrathin metasurfaces. * E-mail: xiangpingli@jnu.edu.cn, ligx@sustech.edu.cn, zilandeng@jnu.edu.cn † These authors contributed equally to this work.
Manipulating the optical wavefront over a multi-dimensional physical space, including phase, amplitude, polarization and frequency, not only paves the way for totally new light-matter interaction mechanisms, but also provides possibilities for various applications based on massive channels of optical multiplexing 1, 2 . In this context, metasurfaces, or ultrathin functional layers, emerge as a desirable platform to manipulate the light field at will with large control and flexibility [3] [4] [5] [6] [7] . Exciting applications have already been demonstrated on the metasurface platform, including flat diffractive and polarization optical components, much more compact and lightweight than conventional bulky counterparts. By engineering the scattering properties of the individual meta-elements constituting the metasurface to mold the geometric phase, resonant phase or propagation phase, we are able to control phase 8, 9 , amplitude 10, 11 , polarization 12, 13 or frequency [14] [15] [16] of light, leading to high-efficiency metalenses 9 , high-fidelity holograms 8 , broadband polarization components 12, 17 , and high-performance biosensors 15 .
However, these ultrathin components tend to focus on single-dimensional light manipulation, controlling either the local phase, or amplitude, or polarization, or frequency, at a time, inherently limiting potential opportunities. For example, metasurface holograms and metalenses based on resonant phase and propagation phase are typically limited to a narrow range of frequencies 18, 19 . Geometric Pancharatnam-Berry (P-B) phase metasurfaces operate over broader bandwidths, but they are restricted to circular polarization only 8 . To improve the performance and enrich the functionality of metasurfaces for a broader range of applications, independent and simultaneous control of multiple dimensions of light over a single metasurface is highly desired. For example, simultaneous phase and amplitude control may be realized by complex meta-elements consisting of multiple geometric phase units to improve the quality of holographic image [20] [21] [22] . Complete phase and polarization control has also been achieved to perform vectorial wavefront-shaping [23] [24] [25] [26] [27] [28] [29] . Simultaneous control of both phase and frequency was also demonstrated, leading to advanced functionalities, such as vivid full-color holograms [30] [31] [32] [33] , broadband achromatic metalenses 34, 35 , hybrid hologram color printing [36] [37] [38] . Nevertheless, all previous metasurfaces only access a limited number of dimensions of light manipulation 39, 40 .
Different from resonant phase 18 and propagation phase 19 , which rely on optimizing the size and shape of the meta-elements for a specific frequency of operation, the geometric P-B phase strategy 8 is totally decoupled from the spectral response, yielding an ideal broadband phase-modulation platform. Geometric P-B phase originates from the abrupt phase change when the spin angular momentum (SAM) of incident light transfers by going through a waveplate, as represented by the unit Poincare sphere ( Fig. 1a) . Similarly, if the linear momentum (LM) of incident light transfers by going a grating, the light undergoes a detour phase [41] [42] [43] [44] . In contrast to the Geometric P-B phase, which is proportional to the orientation angle of the metaelements 45 , the detour phase is proportional to the displacement between adjacent meta-elements. Both phases are wavelength independent and have a simply analytical expression with respect to the geometric parameters (orientation or displacement), without the need to search huge geometric parameter libraries for specified phase response.
Here, we propose a multi-freedom metasurface that seamless combines P-B phase and detour phase in a diatomic design, which is able to simultaneously control elementby-element the phase, amplitude and polarization of the impinging wavefront.
Furthermore, the wavelength-independent phase nature and metagrating 46 architecture of the metasurface also enable frequency multiplexing through k-space engineering.
Based on this principle, we experimentally demonstrated the multi-freedom metasurface based on metal-insulator-metal configurations in the visible frequency range, ultimately achieved full-color complex-amplitude vectorial meta-hologram and duplex polarization/color multiplexing.
The concept of generalized geometric phase is schematically illustrated in Fig. 1a . In a diatomic design with a proper fixed relative displacement between the metaelement pair, it can collaboratively fuse the two wavelength-independent geometric phases in higher-order diffraction states ( Fig. 1b 
where, p+=p1+p2, ψ±=ψ1±ψ2. For circularly polarized incidence ( ) 1, As the both the P-B phase and detour phase are completely decoupled from the spectral response by using uniformly-sized meta-elements, simultaneously modulated phase, amplitude and polarization are applicable to broadband light in this design approach. Intriguingly, this platform can be further extended to frequency multiplexing of light, assuming that multiple frequencies are carrying different images. In order to achieve this goal, we apply k-space engineering to split the different colored hologram images in different spatial locations and construct the full-color image in a target area using grating dispersion ( Fig. 1c ), which is much convenient than previous approaches requiring multiple incident angles 31, 32, 47 .
The multi-freedom metasurface works in the extraordinary optical diffraction (EOD) regime, where only the 0 th and -1 st diffraction orders are allowed for propagating waves.
To tune the EOD resonance at visible frequencies, we use aluminum nanorods (length L=180 nm, width w=80 nm, periodicity px=p0=500 nm, py=300 nm) on top of a SiO2 spacer (height h=100 nm) and an aluminum background film ( Fig. 2a ). The diffraction efficiency of such aluminum nanorod arrays is significantly enhanced at broadband visible frequencies and wide angles (Fig. 2b) . Due to the intrinsic Ohmic loss of metal (green curve in Fig. 2c ), the diffraction efficiency reaches 70%, while the 0 th diffraction efficiency is effectively suppressed to near zero (red curve in Fig. 2c ). The high diffraction efficiency can be obtained in the visible range because the interband absorption peak of aluminum is located at longer wavelengths (green curve in Fig. 2c ).
The EOD resonance is highly anisotropic, i.e., the diffraction efficiency for the transverse-magnetic (TM) polarization (cyan dashed curve in Fig. 2c ) is much lower than for TE polarization, which forms the basis for the multi-freedom metasurface construction in a diatomic design. We note that there is a sharp absorption resonance peak near 500 nm for the TM polarization, which is due to the excitation of propagating ratio angle Ψ between the two orthogonal field components is a linear function of ψ+ (Fig. 2h) , and the phase difference δ between the two orthogonal components is constant at π (Fig. 2i ). These relationships span over the entire visible frequency range, although there is a small bump near 550 nm due to unwanted excitation of a propagating surface plasmon mode. Besides the amplitude and polarization state modulations, the control over the phase profile is based on the detour phase scheme 44 determined by an independent degree of freedom, namely the displacement sum p+ [41] [42] [43] . Therefore, the aluminum meta-molecule geometry introduced here is indeed capable of complete phase, amplitude and polarization control in the whole visible light range.
Since the multi-freedom metasurface works directly in the -1 st diffraction order rather than the 0 th diffraction order, it offers the flexibility to realize frequency multiplexing by k-spacing engineering using grating dispersion of the metagrating architecture. When a white light composed of three primary colors (R: 671 nm, G: 561 nm, B: 473 nm) illuminates the metasurface with incident angle θ0 (Fig. 3a) , the diffraction angles of different frequencies will be largely separated (Fig. 3b ). The output beams (k-1) for different frequencies have a fixed momentum difference 2π/p0 compared with the incident light (θ0), and lead to different deflection angles θR, θG, θB, determined by both the parallel wavevector (kx) and the wavenumber k0J (J=R,G,B) as shown in Fig.   3b . The diffracted angles for R, G, B components can be readily obtained as follows ( Supplementary Fig. S2 and Supplementary Note 2), 00 sin / sin 
where, AJ and φJ (J=R, G, B) are the amplitude and phase profiles of R, G, B components, respectively.
By illuminating the multi-freedom metasurface separately with R, G, B laser beams, the total reconstructed image profiles will be (see Supplementary Note 2), Table S1 ). Compared with previous full-color meta-hologram schemes [30] [31] [32] [33] , the multifreedom metasurface platform significantly relieves both optical setup and metasurface structures (see comparison in Supplementary Table S2 ).
The theoretical and experimental results of holographic images separately reconstructed by three primary color beams based on this full-color holographic approach are shown in Fig. 3c . For each primary color, three separate images are reconstructed from all holographic information channels. In the central area of the observation plane (enclosed by the dashed yellow frame), the correct holographic images in the corresponding color channel appear clear and undistorted, with the same size, while the crosstalk images that stem from additional shifted terms in Eqs. (5a-c) are distorted and the sizes appear enlarged (shrunk) for R (B) components, due to the scaling factor between size and wavelength 48 . The comparison between phase-only and complex-amplitude full-color meta-holograms is shown in Fig. 3d . The phase-only color-hologram is constructed using detour phase with a single meta-element per unit cell (right-up panel of Fig. 3c ), while the complex-amplitude color-hologram uses the generalized geometric phase with a diatomic design (right-down panel of Fig. 3d ).
Speckles are visible in the phase-only holograms, due to the requirement of introduction of random phase and multiple iteration steps to homogenize the amplitude distribution in the hologram calculation. For the complex-amplitude hologram, the full-color holographic image is much smoother and clearer, as both phase and amplitude information of the wavefront are recovered by the metasurface.
To demonstrate the vectorial properties of the full-color meta-hologram, we designed two sets of holograms that can encode two full-color images with orthogonal polarization orientations (Fig. 4) by further exploiting the degree of freedom ψ+. ψ+ is fixed at 90 o for the first set of meta-molecules, while ψ+=45 o for the second hologram.
Therefore, the first full-color image (rainbow) has the same polarization as the incident light, while the second full-color image (flower) has a polarization rotated 2ψ+=90 o with respect to the incident light. In the experiment, a broadband polarizer-analyzer pair was used before and after the metasurface. Fixing either one of the polarization states and flipping the other polarization state, the appearance of the full-color image will change from one image to the other. Based on the multi-freedom metasurface, we also demonstrated a multi-channel multiplexed hologram ( Supplementary Fig. S6 ) with polarization-pair dimensions containing three independent channels (vertical/vertical, vertical/horizontal, horizontal/horizontal) and the color dimension containing three channels (R, G, B) , which significantly increases the information capacity, as well as information security in multiplex-oriented applications.
Discussion
The 
